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IN1RODUCTION 
In previous research a mode matching approach was used to describe the 
electromagnetic properties of a system formed by an open-ended waveguide and a crack 
[1]. A more versatile formulation for evaluating the electromagnetic properties in such a 
system is possible by using a moment solution approach, which eliminates the necessary 
distinction between empty, filled and finite length cracks, independent of the relative 
position of the crack within the probing waveguide aperture. The reflection coefficient at 
the waveguide aperture can be expressed with a generalized scattering matrix, thus making 
this approach versatile for any incident excitation field [2]. 
SYSTEM DESCRIPI10N 
A general representation of the system formed by the waveguide and the crack is 
obtained by assuming arbitrary incident electric and magnetic fields in the waveguide, 
which are expressed in terms of their discrete orthonormal eigenfunctions with unknown 
complex coefficients. The equivalence principle is then applied to separate the system 
formed by the waveguide and the crack into two separate systems [3]. By writing the 
system of equations in a matrix form and solving for the reflection coefficient at the 
aperture of the waveguide, a generalized scattering matrix can be formulated [4]. The 
method of moments is then applied to obtain an approximate solution for the complex field 
coefficients [5]. The convergence behavior is used for analyzing an appropriate choice of 
basisfunctions and the required number of modes in the calculations. 
Boundary Conditions 
Figure 1 shows the relative geometry of a general system formed by a waveguide 
and a crack. 
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Figure 1: Relative geometry of a surface crack at the edge of a waveguide aperture and the 
coordinate system: a) axiometric view, b) plan view (at z = 0). 
For a general case as shown in Figure 1, the following boundary conditions must 
be satisfied. The tangential electric field components (denoted by subscript t) must vanish 
over the conducting surfaces: 
Eat = 0lz=O.Area 1 
Ebt = ~z=O.Area 2 
Ebt = ~z=d.Area 4. 
(la) 
(lb) 
(lc) 
Both the tangential components of the electric and magnetic fields must be continuous over 
the aperture S (Area 3) at z = 0: 
720 
Eat = Ebtlz=O,Area 3 
Hat = Hbtlz=O.Area 3. 
(2a) 
(2b) 
FORMULATING THE GENERALIZED seA TIERING MATRIX 
Equivalence Principle 
In fonnulating a generalized representation of the system, the equivalence principle 
is used to divide the problem into two parts [3]. The equivalence principle states that the 
field in the waveguide is identical to the exciting field plus the field produced by an 
equivalent magnetic current, M, when the aperture S is replaced by a perfect conductor. M 
is defined, over the aperture S, as: 
M = Uz XEtlz=o. (3) 
In the crack the total field is given by the reflection from the short-circuited end of 
the crack plus the field produced by the equivalent magnetic current -M over the aperture S. 
Figure 2 shows this equivalent situation. The fields in the waveguide and the crack are 
described by their orthononnal mode vectors which fonn complete sets [6]. For a general 
case it is assumed that all higher order TE and TM modes are generated at the junction (i.e. 
z = 0, see Figure 1). Hence, the total transverse electric and magnetic fields in the 
waveguide and the crack are given by: 
(4a) 
j j j 
Hat = I,CjYaje-raiZuz xeaj + I,CjYajeraiZUz xeaj - I, DjYaieraiZuz xeai (4b) 
j j 
Ebt = I, Bje-rbiZebj - I,BjerbiZebj + I,Gje-rbiZebj (5a) 
j j j 
Hbt = I, BjYbje-rbiZuz xebi + I,BiYbierbizuz xebj + I,GjYbje-rbiZuz xebi (5b) 
i j 
where {Cj }, {Dj}, {Bj} and {Gj } are the respective coefficients of the incident and 
reflected modes and the modes produced by M. The last term in each of the above 
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Figure 2: The equivalent situation for the waveguide and the crack: a) side view, b) plan 
view. 
721 
transverse field Equations (4) and (5) corresponds to the fields generated by the equivalent 
magnetic current M. Forcing the boundary conditions for the transverse fields at the 
aperture allows to effectively solve for all the unknown field coefficients. 
Forcin~ the Boundaty Conditions 
Since the transverse electric fields have to vanish at z = d (Le. the short-circuited 
end of the crack) it follows that: 
The continuity of the transverse electric field across the aperture S has to be satisfied as 
well. The equivalent magnetic current M can hence be evaluated from Equations (3). (4) 
and (5) as: 
(6) 
M = Uz x Eat Iz=o = ~Diuz x eai 
I 
(7a) 
M = Uz X Ebt Iz=o = ~Bi[e2rbid -1]Uz X ebi' 
I 
The continuity of Ht across the aperture S requires that: 
2~CiYaiUz X eai = ~DiYaiUz x eai + ~BjYbi[ 1 + e2rbid]uz x ebj' 
I I I 
(7b) 
(8) 
In order to obtain a numerical solution to Equation (8) the method of moments is applied 
[5]. 
Ap,plication of the Method of Moments 
M is expanded as a set of N real valued expansion functions that form a complete 
basis. 
N 
M= I,VjMj . j=l 
(9) 
These basis functions. which describe the behavior of the magnetic fields right at the 
aperture. will have to be chosen appropriately for obtaining a close to exact solution and to 
achieve fast convergence. The number of modes in the waveguide is limited to La and the 
number of modes in the crack to Lb. Now. by using orthogonality of mode vectors. the 
following equations are obtained: 
N 
Dj = 'iYjHaij (i = 1.2 •...• La) j=l (lOa) 
Bi = (.~VjHbij)[e2rbid -It (i = 1.2 ..... Lb) 
J=l 
(lOb) 
where: 
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Haij = JIMj ,uz Xeai dS 
S 
Hbij = If M j · Uz x ebi dS. 
s 
(11a) 
(lIb) 
Subsequently, a set of test functions {Wj } is considered, such that the unknown variables 
in Equation (8) can be evaluated. In the special case of {Wj } = {M j} this method is 
known as the Galerkin's method. The scalar product of Equation (8) with each of the 
testing functions Mk gives: 
where pI = HI and pJ = HE with the Galerkin's method. 
Matrix Form 
Note that in matrix form it is possible to write the set of Equations (12) as: 
where: 
Here Ya , Y band E 2 are diagonal matrices. 
Generalized Scatterin~ Matrix 
(12) 
(13) 
(14a) 
(14b) 
(l4c) 
Now it is possible to evaluate the generalized scattering matrix S of the junction, 
which is described by: 
(15) 
Let {Ai} be the coefficient vector of the reflected modes. Substituting for jj from Equation 
(lOa) and evaluating iT from Equation (13) gives: 
(16) 
where U is the unity matrix. Subsequently, Saa is expressed as: 
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---1 [- - ]-1 T Saa = AC = 2Ha Ya + Yb Pa Ya - u. (17) 
Note that Sij is the amplitude of the ith mode due to the jth incident mode of unit amplitude. 
Here we are not concerned with Sba Sab and Sbb. However, if need be, they can be 
readily calculated. 
CONVERGENCE 
This moment solution approach depends on the choice of an initially unknown 
equivalent magnetic current M over a conducting surface. Since M describes the physical 
behavior of the magnetic field over aperture S, it is best to choose the basis functions to 
have similar properties to the orthonormal mode vectors of the transverse magnetic fields. 
Thus, a relatively fast convergence towards the exact solution of the scattering parameters 
can be achieved. An example of convergence analysis is shown in Figure.3 (the diode 
output voltage represents one point of the crack characteristic signal). 
RESULTS 
In order to calculate the crack characteristic signal it is necessary to evaluate 
submatrix Saa of the generalized scattering matrix S for different positions of the crack 
relative to the waveguide aperture. Subsequently, the diode output voltage for the 
dominant mode detection technique can be computed to obtain the crack characteristic 
signal. To show the validity of this theoretical approach, the calculated crack characteristic 
signal is compared with the measured crack characteristic signal (Figure 4) for a long crack 
with w = 0.55 mm and d = 2.5 mm at 24 GHz. The measured characteristic signal was 
normalized with respect to its short-circuit value. 
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Figure 3: Convergence curve for a long crack with w = 0.84 mm and d = 1.53 mm at 24 
GHz, at the relative coordinates (x = 0 mm, y = 1 mm). 
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Figure 4: Crack characteristic signal for a long crack with w = 0.55 nun and d = 2.5 nun at 
24 GHz: a) calculated, b) measured. 
The transition of the signal level for the crack entering and leaving the waveguide 
aperture can clearly be seen. The agreement between the calculated and measured 
characteristic signal is very good. The slight deviations are due to a limited number of 
modes used in the calculation, and imperfection in machining a crack on a metal surface as 
specified in the calculations as well as the detector diode characteristics. 
CONCLUSION 
This moment solution approach has proven to be a powerful technique for 
theoretically evaluating crack characteristic signals as well as field distributions at the 
waveguide aperture. This model is versatile and allows to evaluate empty, filled and finite 
cracks. Thus, compared to the previous developed mode matching approach, it is more 
flexible by simultaneously reducing the computational time. Moreover, some limitations of 
the previous approach have been overcome. In addition, this approach is useful in 
expanding upon and encompassing the evaluation of covered cracks. 
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